Abstract. We propose a new method based on Lie transformations for simplifying perturbed Hamiltonians in one degree of freedom. The method is most useful when the unperturbed part has solutions in non-elementary functions. A non-canonical Lie transformation is used to eliminate terms from the perturbation that are not of the same form as those in the main part. The system is thus transformed into a modified version of the principal part. In conjunction with a time transformation, the procedure synchronizes the motions of the perturbed system onto those of the unperturbed part.
Introduction
A Hamiltonian system such as 1 X 2 ct z2 /3 374 7 Z6
+ g , where ]7] << Io~1,191, is often treated as a perturbed harmonic oscillator. Indeed, this approach is a quite reasonable one if, in addition, [/3] << loci. But if ~ I/3[, the treatment will be restricted to a small neighborhood of the origin far away from possible equilibria near z = +x/Z-~//3. Furthermore, the treatment must be carried to high order to properly account for the effects of/3.
In fact, when Io~ I ~ 1/31 the system should be treated as a perturbed Duffing system. And yet, many perturbation methods, among them classical normalizations (Deprit, 1969) , will encounter great difficulties in doing this. To see why this is so, we reexamine the process involved in normalization.
A normalization eliminates all terms from the perturbation which are in the image of the Lie derivative associated with the principal part. The critical step is the partitioning of terms from the perturbation into kernel and image. The generator of the transformation is then obtained by computing the inverse of the Lie derivative, a step typically involving integration.
The partitioning is clarified by adopting variables which reflect the solutions of the unperturbed part. One then works in the algebra of the solutions, rather than that of the Hamiltonian. This is not a severe problem when only trigonometric solutions are involved. However, non-elementary functions -such as the elliptic functions which solve the Duffing system -present great difficulties, indeed.
The general manipulations of elliptic functions are awkward enough but the partitioning of terms is worse. The final straw, however, is that they are not closed over integration. Since the results of each order of a normalization are folded into the next order, this lack of closure stops the process at some finite order of approximation. The same problem occurs with averaging non-Hamiltonian systems (Coppola, 1989) , where the treatment is limited to second order.
An indication of an alternative can be found in a recent sequence of articles in Celestial Mechanics. Howland (1988a; 1988b) , and Henrard and Wauthier (1988) considered the subject of a perturbed pendulum resulting from the Ideal Resonance Problem. Eventually, Howland showed how the system could be simplified by eliminating all terms from the perturbation except those found in the pendulum itself. This could be done without explicit manipulations of the elliptic functions. However, a non-canonical transformation was required to achieve such a strong simplification. Henrard and Wauthier followed by showing how canonical differential equations could be recovered by a time transformation derived from the generator of the simplification. We would like to abstract from their work the properties and strengths of a general simplification strategy.
We propose a strategy whereby a normalization is replaced by a two-step process. The first step is a Lie simplification for the purpose of eliminating all terms from the perturbation which are not of the same form as those already in the principal part. Since the computation is carried out in the algebra of the Hamiltonian itself, rather than the algebra of the solutions, it will show its strengths for systems whose principal part has solutions in terms of non-elementary functions, such as (1). After such a simplification, what remains of the perturbation can be collapsed into the main part by altering the coefficients; the simplification replaces the perturbed system with a modified version of the principal part. The second step establishes the time transformation. Although the solutions do become involved at this stage, the computations require only a single integration, avoiding the problems a normalization has with repeated integrations. In effect, this combination of transformations acts as a synchronization of the motions of the perturbed system onto the motions of the unperturbed part via a non-linear clock.
